INTEGRABLE FRACTIONAL MEAN FUNCTIONS ON SPACES 

OF HOMOGENEOUS TYPE. 



JUSTIN FEUTO, IBRAHIM FOFANA, AND KONIN KOUA 

Abstract. The class of Banach spaces {L q , L p ) a (X, d,/j,), l<q<a<p<oo, 
introduced in [10] in connection with the study of the continuity of the fractional 
maximal operator of Hardy-Littlewood and of the Fourier transformation in the 
case X = M. n and fj, is the Lebesgue measure, was generalized in [7] to the setting 
of homogeneous groups. We generalize it here to spaces of homogeneous type and 
we prove that the results obtained in [7] such as relations between these spaces 
and Lebesgue spaces, weak Lebesgue and Morrey spaces, remain true. 

Resume. La classe (L q ,L p ) a (X,d,/i), l<q<a<p< oo, introduite dans 
[lOj en liaison avec l'etude de la continuite de Poperateur maximal fractionnairc 
de Hardy-Littlewood et de la transformation de Fourier dans le cas oiiI = R™ et 
/x la mesure de Lebesgue, a ete generalisee dans [7] au cas ou X est un groupe ho- 
mogene. Nous le generalisons ici aux espaces de type homogene et nous montrons 
que la plupart des resultats obtenus dans [7] , tels que les liens entre ces espaces et 
les espaces de Lebesgue, de Lebesgue faible et de Morrey, demeurent valides. 



1. Introduction 

In [23] , Muckenhoupt raised the problem of characterizing weight functions u and 
v for which the inequality 

/+oo p p+oo 

f(x) u{x)dx<C \f(x)\ p v(x)dx 
-oo J — oo 

holds for every / in the Lebesgue space L P (R). 

Aguilera and Harboure showed in [lj that, in the case v = 1 and 1 < p < 2, a 
necessary condition for (pQ) is 
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Let us assume that n is a positive integer and 1 < q < a < p < oo. For any 
Lebesgue-measurable function / on R n , we set 



(3) 



Here R 



q,p,a 



supr 

r>0 

supr r 

r>0 



j__ l ~> 

a q i 



t> sup 



fXjr 



if 
if 



p < OO 

p 



oo 



e Z n , r > and 



denotes 



q,p,ct 



< OO 



3 

the usual norm on the Lebesgue space L q (M. n ). We denote by L (R n ) the complex 
vector space of equivalent classes (modulo equality Lebesgue almost everywhere) of 
Lebesgue measurable complex- valued functions on M™. It is clear that ||-|L pa may 
be looked at as a map of L (M n ) into [0, oo]. We define 

(4) (L q , L p ) a (M n ) = {/ € L { 

Fofana has proved in [in] that ((L q , L p ) a (W 1 ) , \\-\\ qpa ) is a complex Banach space 

and that the Lebesgue spaces L a (M 71 ), the Morrey spaces M q ^ °^ (W 1 ) and the 
Lorenz spaces L a,00 (M") (in the case q < a < p) are its sub-spaces. 

Note that condition (j2J) can be written as u G (L 1 , L 6 ) 2 ~ p , with b = -^ > . 

Further results on Fourier transform may be expressed in the setting of (L q , L p ) a (M. n 
and related spaces of Radon measures (see [TT], [2U]). These spaces are also related 
to L q — L p multiplier problems (see p2], [25]) and well-suited to establish norm 
inequalities for fractional maximal functions [12]. 

It is clear that (L q , £ p ) a (M") is a subspace of the so-called amalgam space of 
Wiener (L q , £ p )(M n ), defined by 



(5) 

where for r > 



(6) 



(L q 



f e L (W' 



q.p 



< OO 



l-l-p 



if p < oo 
if p = oo 



fc€2 



These amalgam spaces have been used by Wiener (see [31]) in connection with 
Tauberian theorems. Long after, Holland undertook their systematic study (see 
[18]). Since then, they have been extensively studied (see the survey paper [15]] and 
the references therein) and generalized to locally compact groups (see [7], [3], [2]). 
They may be looked at as spaces of functions that behave locally as elements of 
L q (W n ) and globally as belonging to L p (M. n ). Taking this into account, Feichtinger 
has introduced Banach spaces whose elements belong locally to some Banach space, 
and globally to another (see [B]). 
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Replacing M. n by a homogeneous group G, the authors have defined and studied 
(L q , L p ) a (G) spaces (see [7]). They proved that results obtained in [10] remain valid 
for (L q , L p ) a (G). 

In the present paper, we extend the definition of these spaces to spaces of homo- 
geneous type. In this setting, we obtain interesting links between (L q , L p ) a (A) and 
classical Banach function spaces. 

These spaces are well suited for studying norm inequalities on fractional maximal 
operators. Actually, in [8J we established some continuity properties for these op- 
erators from (L q , L p ) a (X) to weak-Lebesgue spaces, which extended in this context 
analogous results known in the Euclidean case (see [12], [21]). 

The paper is organized as follows. Section 2 contains definitions and the main 
results, whose proofs are given in Section 4. Section 3 is devoted to auxiliary results. 

Throughout the paper, C denotes positive constants that are independent of the 
main parameters involved, with values which may differ from line to line. Constants 
with subscripts, such as C±, do not change in different occurrences. 

2. Definitions-Results 

A space of homogeneous type (A, d, /i) is a quasi metric space (A, d) endowed 
with a non negative Borel measure \x satisfying the doubling condition 

(7) < n (B( X! 2r)) < Cfi [B^ x r ^j < oo, x G A and r > 0, 

where Br X T \ = {y G A : d (x,y) < r} is the ball with center x and radius r > 0. If 
C is the smallest constant C for which ([7]) holds, then = log 2 C is called the 
doubling order of \i. It is known (see [27J) that for all balls B 2 C B\ 



(8) < 3 



fi(B 2 ) ~ "yriB 



where r(B) denote the radius of the ball B and C M = C^(2fi;) Dfl , k > 1 being a 
constant such that 

(9) d(x, y) < k (d(x, z) + d(z, y)) , x,y,z<EX. 

Two quasi metrics d and 5 on A are said to be equivalent if there exists constants 
C\ > and C 2 > such that 

Cxd{x,y) <S(x,y) <C 2 d(x,y), x,y E X. 

Observe that topologies defined by equivalent quasi metrics on A are equivalent. 
It is shown in [21] that on any space of homogeneous type (A, d, /i), there is a quasi 
metric S equivalent to d for which balls are open sets. 

In the sequel we assume that A = (A, d, /x) is a fixed space of homogeneous type 
and: 

• all balls Br XT \ = {y G A : d (x,y) < r} are open subsets of A endowed with the 
d-topology, 

• (A, d) is separable, 
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fi(X) = oo, 



B 



(x,R) 



\ Bi xr \ 7^0, < r < R < oo and x G X. 



As proved in [30], the last assumption implies that there exists two constants 
C M > and <5 M > such that for all balls B 2 C B\ of X 

<5u 



(10) 



" V(B 2 ) 



For 1 < p < 00, || -|| denotes the usual norm on the Lebesgue space L P (X). 
For any /^-measurable function / on X, we set: 
A/ (at) = fi ({x G X : |/(x)| > a}) , a > 0, 
/*(£) = inf {a > : A/(a) < t} , t > 0, 

/*(*) = lit f*(u)du, t>0, 

it 1 < p, q < 00 



sup t>0 £pf*(t) if 1 < p < 00 and q = 00 

Let Lo(X) be the complex vector space of equivalent classes (modulo equality 
/i— almost everywhere) of \x— measurable complex-valued functions on X. Then || • || 
is a map from Lq(X) into [0, 00]. It is known (see [28]) that: 

• for 1 < p, q < 00, the space L p ' q (X) = |/ G Lq(-X") : ILflL„ < 00 1 endowed with 



p.q 



, is a complex Banach space (called Lorentz space), 



5/0 00 f 



if 



1 < p, q < 00 



OG 



sup <>0 £ p /*(t) if 1 < p < 00 and q 

is a quasi-norm on L p ' q (X) equivalent to || • || , 

1 1 
• supi ?/*(£) = supa\f(a)p . 

In the sequel we assume that 1 < q < a < p < 00. 
Notation 2.1. For any ^,-measurable junction f on X and any r > 0, we put 



(11) 



q,p,a 



Ix ( M s (v,r))° * « 



fx. 



dfx(y) 



sup//(S( V)r )) 



a q 



if p < 00 
if p = 00 



where x B denotes the characteristic function ofBi yr ), and we use the convention 



- = if q = 00. 

Theorem 2.2. For any ^-measurable function f on X andr > 0, we have , 
if and only if f = fi-almost everywhere. 



q,p,a 



By the previous result we may (and shall) look at 
into [0, 00]. 



1 q,p,a 



as a map from L (X) 



is a com- 
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Notation 2.3. For r > 0, we define 

(L\Lr r (X) = {feL (X): ,||/|| 9jPjQ <oo}. 

Theorem 2.4. For any positive real number r , (^(L q , L p )^ (X) , r\\'\\q po ^j 
plex Banach space. 

As in the Euclidean case we have the following results. 

Theorem 2.5. Let r be a positive real number, 1 < q± < q 2 < a and a < p\ < p2 < 
oo. Then 

(12) r INI < r 11-11 

V / "II \\q\,p,a — "II Hq2,p,o 

and 

(1^) r II Hq,oo,a — C r || 1 1 (/,^>2 5 ct — ^ r II Hq,pi,a ' 

where C > and C > are constants independent of r. 
Theorem 2.6. There is a constant C > such that 

(14) r INI <CJ|-|| 

/or any real number r > 0. 

(L 9 , L P )"(X) is actually a generalization of the Wiener amalgam space (L q , £ p )(M. n ). 
This appears clearly when we compare r \\-\\ qp as define in (Q, to the norm ||-||g™ r Q , 
which is equivalent to r \\-\\ qpa (see Proposition 14.11) . Now we define a subspace of 
{L q ,L p )«(X) which generalizes (L q , £ p ) a (R n ). 

Definition 2.7. We set 

(L q ,LT(X) = {fEL (X):\\f\\ q ^ a <oo}, 

Where \\f\\ q ,p,a = SU Pr>0 r\\f\\ q , p , a - 

From Definition \2.7\ Theorem 12.41 Theorem 12.61 and Theorem 12.51 the following 
results are straightforward. 

Theorem 2.8. a) (([L q , L p ) a (X), \\-\\ qpc ^j is a complex Banach space and there 
exists a constant C > such that 

(15) H q , P ,a<C\\-\\ a . 

b) Assume that 1 < qi < q 2 < a < pi < p 2 < oo. Then 



and 

for some constant C > 0. 



Igi,p,a — ^ II Ilij2,p,a 



lg,p 2 ,a — C \\'\\q,pi,a ' 
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The continuous embedding of L a (X) into (L q ,L p ) a (X) expressed by Inequality 
I5|) . may be an equivalence in some cases. 



Theorem 2.9. There is a constant C > such that \\-\\ a < C |HL pa whenever 
q = a or a = p. 

In the case q < a < p, the space (L q ,L p ) a (X) contains properly L a (X) as it 
appears in the following theorem. 

Theorem 2.10. Assume that 1 < q < a < p < oo. Then there is a constant C 
such that 

II II q,p,a — ^ II II Q,p ' 

The previous result may be strengthened in some cases. 

Theorem 2.11. Assume that 1 < q < a < p and that there exists a non decreasing 
function (p on [0, oo) and two constants < a < b < oo such that 

(16) a(p(r) < ii(B( Xjr )) < b(p(r), x G X,r > 0. 
Then there is C > swc/j that 

INI < C 11-11* • 

From the doubling condition ([8]) and the reverse doubling condition (flOl) . we 
obtain that the function appearing in hypothesis (Flo]) satisfies 

(17) a r Dfl < y?(r) < b r 5fl , r < 1, 

(18) aiA < y>(r) < bir D ", 1 < r, 

where do, b , ai and bi are positive constants. 

Notice that Hypothesis (flBT) is fulfilled for example in the case where X is an 
Ahlfors n regular metric space, i.e., there is a positive integer n and a constant 
C > such that 

C~V < fx {B {x;r) ) < Cr n , xeX, r > 0, 

and also in the case where X is a Lie group with polynomial growth equipped with 
a left Haar measure /i and the Carnot-Caratheodory metric d associated with a 
Hormander system of left invariant vector fields (see [T7] , [25] and [29J ) . 

The next result shows that the inclusion of L a,oc (X) into (L q , L p ) a (X) is proper. 

Theorem 2.12. Under the hypothesis of Theorem \2.11\ we have (L q ,L p ) a (X) \ 
L a '°°(X) / 
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3. Auxiliary results 

In order to establish various inclusions between the function spaces we study, we 
need the following "dyadic cube decomposition" of X, proved in 



Lemma 3.1. There is p > 1, depending only on k in (Tj^) (we may take p = 8k 5 ) , 
such that, given any integer m, there exists a family {(xj, Ej) : k G Z, k > m, 1 < j < N k j 
where x^ are points of X and Ej subsets of X satisfying: 

(i) N k G W U {oo} , k > m, 

(ii) £( x k iP *) C E) C B^ tpk+1 y k>m, 1 < j < N k , 

(iii) X = lif^E*?, and Ef n E* = if i ^ j , k > m, 

(iv) E) c E\ or n E\ = 0, £ > Jfe > m ; 1 < j < N k , 1 < % < N t . 

The Ej are referred to as dyadic cubes of generation k. 

Notation 3.2. Given an integer k > m and r > 0, we set 

(i) T*(x) = {i : 1 <i < N k and E\ n B M ^ 0} , x G X, 

(ii) S r fc (j) = {i : 1 < z < N k and E\ n £ (2/ , r ) ^ /or some y G E*} , 1 < j < N k . 

Remark that i G S^(J) if and only if j G S^(i). Inequality (jHJ) provides us with 
the following useful estimates on the cardinals ^f(S^(x)) and #(T r fc (x)) of the sets 
and T r fc (x) respectively 

Lemma 3.3. Given integers k > m, 1 < j < N k and r > 0, we have 

(19) ii (B M ) < ^{k^p (Ef) , yeE*, 

(20) p(E*)<K 2 (k,r)p(E*) andp(E*)<yi 2 (k,r)p(Ef), i G S^(j), 

#(T r \x))<m 2 (k,r), xeX, 



(21) 
and 
(22) 

where %li(k, r) = 



#(^(x))<^ 3 (A:,r), XGI 

D 



K[2np + jz 



andm 3 (k,r) = C^ k (2 K 2 + l)p+-^ <K 2 (fc,r)- 



Proof. (a) Inequalities (fT9~|) and f[2"Ul) are obtained immediately from inequality 
(jSJ), the following inclusions: 

• B^k^ C -B( x fc iK ( p fe+i +r )) and -B(^ r ) C ^(^,«o*+i+r)) j V e -^j 

• Ef C -B(^, K (2 K p'=+ 1 +r)) and B^k^ C -B^^Kpfc+i+r)^ 2/ G -E* and E\ fl 



5 



(y,0 



7^ 



and the remark stated after Notation 13 .21 
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(b) Lemma 13.11 (iii) asserts that the Ef (1 < i < Nk) are pairwise disjoints. 
Furthermore we have the following inclusions. 
•B (x k jpk) C E k C B {xM2Kpk +i +r)) x G X and i G T k (x), 
tE? C B( x k K [(2 K 2 + i) p fc+i +r ]) and B (x k pk) C B (x k^ (2K 2 +1)p k+i +r] ), i G T k (j). 



Thus by Inequality ©, we obtain for x G X 



Da 



V (-B(x,K(2«;p fc + 1 +r))) < ^ ^ i^B^k pk) 

< A 1 (-B(z,K(2 t tp fc + 1 +r))) 

and similarly 

#(s*(j))*£V (4) < E ^ /* 



K ((2 K 2 + i)p + -) 



,[(2K 2 +l)p fc+1 +r]) 



Inequalities (J2H) and ([22]) follow. 



□ 



Lemma 3.4. Assume that 1 < q,p < oo, with p ^ oo, < s, m and k are integers 
satisfying k > m, 1 < j < and 2np k+1 < r. Then, for any p-measurable function 
f on X, we have 

A* fx E * P <^i(k,r) s+1 [ ii (B^y*- 1 f X B (yr) P dp(y) 

j 

where ?fli(k,r) is as in Inequality / TiPj) . 
Proof. Notice that 



inf ess 



p , , i r v 
fXB (y . r) <V{E 3 ) / fXB lVir) dfj,(y) 

1 J E h 1 



with equality only when 



fXB{ yr } 



is a constant almost everywhere on E k . Thus, 



there is an element y k of E k such that 



fx 



B 



P <»(E k y l r 

1 JE 3 



fXB iy , r) dfi(y). 



Since E k is included in B( y T \ for every y in E k , we have 



fx 



< A* (*<?)' 



fx 



B 



< A* (E k ) 



-s-l 



fXB {y>T) dfi(y). 



The result follows from inequality ffTOl) . □ 
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We shall use the following result which may be viewed as a generalization of the 
Young inequality in a space without group structure. 



1 _ 1 



Lemma 3.5. Let j3,t and 7 be elements of [1 ,00] such that 
K (x,y) a positive kernel on X. There is a constant C > such that 



+ 7 — 1 and 



P 1 t 



\\Tg\l < c 



\K\ 



\g\\L, 9 e l (x), 



where 



and 



\K\ 



Tg{y)= / g(x)K{x,y)dn(x), 



= max ( sup ess \\K (., y)|L ; sup ess \\K (x, .) |L 

y€X xdX 



Proof. 1) Let g G Lq(X) and put g(y) = f x \g(x)\ K (x, y) d/i (x). We claim 



that 



1 ~ n * 
\9 



7,00 



< C 



\K\ 



00 
K\ 



9\\t,oo- 

G {0, 00} then the claim is 



< 



If g i L^(X) or \\g\\* too = 0, or 

trivially verified. So we assume that < H^H^ < 00 and < \\K\ 
00. Define 

, x f q(x) if \g(x)\ < M . , , , , , , „ 
ftW = I if not ~ ^ = 9 ^ ~ 9l ^ J X G ' 

where M is a positive real number to be specified later. For a > 0, we have 
\g («) < A^ (f ) + \g 2 (§) since g<g,+g 2 . 
a) We can estimate A^ (f ) as follows: 

/• poo pM 

/ |& (x/' dn(x) = P' / s^A^ (s) ds<(3' s^Xg (s) rfs 

fM 



< ft 



, '- 1 -'ds)(\\9\\l4 = ^M*-'(\\9\\lJ. 



So, 



|#i (y) I = bi (x) I # (x, y)c?/i (x) < |& (x) I' 3 dfi 

(i)*^(Nig-' 



KP(x,y)dv(x) 



< I - I ' M" 

Let us choose 
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We have H^iH^ < f and therefore Xg i (|) = 0. 
b) We also have the following estimate of Xg 2 (f): 



A ^ (f 



|<? 2 (:r)| dp, (x 

Jo 

Therefore, 

< 



t,oo 







+ 



M poo 

Xg 2 (s)ds< I X g (M)ds+ / X g (s)ds 

oo 

s^ds 

M 



t,oo 



t-1 



M 



1-t 



13 



-) f ( [ l&WI K(x,y)d^(x) ) dfilu) 

<*J J {u & X:\g 2 (u)\>^} \J X 



*«§)' 

-) 

a J 



< 



< 



13 







[ \g 2 


(x) 


Jx 






(3 


\\K\\p 


oo 




(3 




oo 



{ueX:\g 2 (u)\>f} 



K /3 (x,y)d/j l (y)\ dfi(x 



1 13 



\g 2 {x)\dp, (x) 



x 



< (c a - l \\\K\\ 



with c = (2y (^) 

From a) and b) we get 



t \P ( t\ *p 



r{l~t)f3 



X~ g (a) < { CoT 1 



\\K\\ B U\ 



As this inequality is true for a > 0, we have 

\\Tg\\; >00 <c \\K\\ p 



I t,oo 



t,oo 



2) Notice that T is a linear operator. Therefore, the result follows from 1) and 
Stein interpolation theorem (see |28j). 



□ 



4. Proof of the main results 

Throughout this paragraph, for every r > 0, m r denotes the unique integer which 
verifies 



(23) 



T 

m r +l ^ J_ ^ „m r +2 

H ~ 2k P 



Notice that the constants in Lemma 13.31 satisfy 



(24) 
(25) 



91i(m r ,r) < C M [ K p(l + 2k P )] d » = 



Vh(mr, r) < C M [2k 2 P {\ + p)] Dfl = 9t 2 , 
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and 
(26) 



m 3 (m r ,r) < [k P (2k 2 + 2k P + 1)] D " 9t 2 = <tt 3 . 



Proof of Theorem 12.21 Let / be a /z-measurable function on X such that r 



0. Since balls in X have positive measure, 



q,p,a 



implies 



that there exists a /i-null subset E of X such that 



fx B (- 



0mX\E. 



Similarly, for any y in X \ E, there exists a /i-null subset i 7 ^ of X out of which 



0. For 1 < j < N mr , the intersection of X \ E and B, 



void. So we may pick in it an element jjj. Since EJ 1 *" C B/ mr pmr +i) C B^ y .^, 



x V^,pmr+l) 1S 11011 



we 



iV„ 



iV„ 



have X = U" £™ r = u ' B (v r)- Setting F = uf={F y ., we have / = in X\F. The 
result follows from the fact that /x(-F) = 0. □ 

Proof of Theorem 12.41 It is clear from Theorem 12.21 and the definition of r ||-|| 
that (L q ,L p )r(X) is a complex vector space and r \\-\\ qpa is a norm on it. All we 
need to prove is completeness. 

Let (f n ) n> o be a sequence of elements of (L q ,L p )^ (X) such that £ r \\fn\\ qpa < 



oo. 



Since £ 

n>0 



i ii 
i 



fnXi 



(•>r) 



fi— null subset i£ of X out of which 



n>0 



£ r||/„ 
n>0 



< OO. 



i g,p,a 



n>0 

< oo, there exists a 



Therefore, for any element y of X \ E, there is a /i— null subset F y of X out of which 
YIuXr converges absolutely. Arguing as in the proof of Theorem 12.21 we shall 

n>0 {y ' r) ' 

obtain a /i— null subset F of X such that £ n>0 /« converges absolutely on X \ F. 
Define 

£/„(x) ifxGX\F 

n>0 

otherwise 



/(*) 



We have 



< 



£r||/»| 



q,p,a 



< OO. 



n>0 



In addition, for any positive integer n and any element y of X, 



k=l 



kXi 



< 



Ell/. 

fc>n 



kXi 



(y,r) 
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Therefore 
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/-£/* 



k=l 



< 



£r||/* 



I q,p,ct 



q,p,a 
a 
r 



k>n 



Thus ^2f n converges to / in (L q ,L p )" (X). □ 

n>0 

The norm r ||-|L pQ is not easy to be used. The following proposition provides us 
with an equivalent norm. 

Proposition 4.1. Let f be any ^-measurable function on X , and r > 0. Put 



1 1 



sup ^ (£?*■) 

l<j<N mr 



j__ l 

a q 



3 



if p < OO 
«/ p = OO 



Then, there are positive constants C\and C2, not depending on f and r, such that 



(27) 



C 1 r 



q,p,ct 



< 



q,p,a 



< a 



2 T 



q,p,a 



Proof. Let / be any \x- measurable function on X and r > 0. 



1 case. We suppose that p < 00. 



a) We have 



Iff 



X 



V { B (y,r)) 



a p 



X 



(x)djj(x) > djj, (y) 



E/ E *W s+ 7 (i/r 



N, 



X B(y r) ) (x)d/i(x) } dfi (y) 



,=1 Je P' 



E — E — i 

a q 



\f\ q X Bl Ux)dfi(x) 

(V,r) J 



(28) 



E 

according to Inequalities (I2TT) and (|25|) . As 2/tp mr+1 < r, we have i?™"' C 
B(y,2Kr) for i G T™ r (y) and therefore by Inequality ([8]), 

I* {ET) < C,{2k) d ^ (B m ) , 1 g Tr(y). 
Taking into account Inequalities ( 1281) . ( 1201) and ( |25l) . we obtain 



So by Inequalities (1221) and (|26|) we get 



£._£ 



V 



< cm 3 e m^d 



a q 



i=l 



fx, 



< cm. 



q,p,& 
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b) Notice that if r \\f\\ qp a = oo, then fl27j) follows trivially from the above 

< oo. For 1 < j < N mr , we 



inequality. Let us assume that 
have 



q,p,a 



J__I 

a q 



fx 



j 



J 



11 (B(y, r )) 



a q 



dn(y), 



according to Lemma 13.41 As the E™ r (1 < j < N mr ) are pairwise 
disjoints, this implies 



q,p,a 



q,p,a 



2^ d case. We suppose that p = oo. 



q,oo,a 



sup 

y&X 



a) We have 

/eiT r (2/) £ 

< [C7 M (2K)^]--- S up V //(^) 

< [C^k) *]"""^ 



2__ l 

a q 



" eX ie3T r (i/) 



q,oo,a ' 



according to Inequalities fl28|) . fl2Tl) and (T25l) . 
(b) From Inequalities f|T9|) and ff24l) we have 



and therefore 



i i 



1 < J < AT mr and yeEJ 



^ ^ SU P SU P »( B (v,r))" 

1 ^ „" ^ AT - t-hTTI^ 



1 1 
1/ 



l<i<AT mr ^gi?™'- 



fXE mr 



As 2np mr+1 < r, we have 

Ef r C S (tf>r) , 1 < j < N mr and y G £f. 

Thus, 



q,oo,a 



yex 



f X-B( Wir ) 



9*1 r 



g,oo,» 



3 rd case. For g = p = oo, it is clear that 
(29) 
□ 



00,00,00 



00,00,00 



Proof of Theorem 12.51 a) Inequality (fT2"|) is an immediate consequence of 
Holder inequality. 
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b) Observe that as < p\ < p 2 < oo, we have for any sequence (%)i<j of 
nonnegative numbers , 



i 

,P2 



pi 



°5 



and therefore 



I II <im r ^ || || dm r ^ 1 1 1 1 cim r 
I llq,oo,a — II Wq,p2,a — II \\q,pi,a ' 

Inequality ( 1131) follows from these inequalities and Proposition 14.11 □ 



Proof of Theorem 12.61 Let / be any /z-measurable function on X. 

l TSt case. We suppose that p = oo. 

By Holder inequality we have 



y ex 



fXB 



< 



2 nd case. We suppose that p < oo. Then we have 



q,p,<* 



< 



■N m 



fx 



/N mr 



< 



according to Holder inequality, the fact that < a < p < oo and the pairwise 
disjointness of the E™ r (1 < j < N rrir ). From this inequality and Proposition 
Owe obtain (fT4l. 



□ 



Proof of Theorem 12.91 



1 case. We suppose that q = a = p. 

It is clear from Proposition 14. II that there is a constant C 2 , not depending 
on /, such that 

ll/ll«=ll/l& 

and therefore 



2 r 11. y 1 1 , t • 



r > 



< c 2 



2 nd case. We suppose that q = a < p = 00. 

For any element y of X formula fill I) yields 



/Xfl. 



and therefore 



lim 

r— >oo 



< 
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3 rd case. We suppose that q = a < p < oo. For y G X and r > 0, we have 



5^ / i/(^)rxB (B r) (x)d//(x) 

XI / (/Xis^OO*) XB iy>r) (x)dfi(x) 



/ 



< 



Ve?V mr (y) 



j 



< Or p 



iE mr 



v jeiT r (s/) 

according to Inequalities (1201) and (1241) . So by Proposition 14.11 we get 
and therefore 



<^ 2 Q P ^,||/L iQ , p , yeX,r>0 



a,ce,p 



4 case. We suppose that q < a = p. We assume that ||/|L pp < oo, since otherwise 
the result follows from Theorem 12.81 For r > 0, put 



f r (x) = ii (B iy>r) y 

On one hand, we have for fi— almost every x in X, 

Ig, 00,00 ' 



|/(x)| = hm/ r (x)< 

r— >0 



Consequently 

On the other hand, 



< 



q, oo,oo ' 



f r p (x)d/i(x) 



X 



< C 



q,p,p 



So, according to Fatou's lemma, |/| p is integrable and ||/|| < C 



g,p,p 



□ 



Proof of Theorem I2A01 Let± = l- f + |,/ a /^-measurable function on X and 



r > 0. 



We have 1 < (3, s < oo and 2 = \ + 1 - 1. Put 

p p a 



and 



if (z, y) = // (-B (a . jr )) " XB, y r) (x) , x,y £ X 



Tg{y)= I g(x)K(x,y)dfi(y), g e L (X). 
x 
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If x G -B^r) then B^ y ^ C B( x ,2w) an d therefore /x [B^ r ^\ 1 < C^{2k) d ^^i (B^ x>r ^\ 1 . 



Thus 



A' 



and 



=( / v{ B {v,r)) 1 XB (y , r) (x)dfi(x) 



x 



1. 



By Lemma I3.5[ there is a constant C such that 

iiT(i/niu<cm/ni; £ . 

Furthermore 



g,p,a 



(T(\f\ 9 )(y))« d»(y) 



Thus 



The result follows. □ 



x 



g,p,a 



\\T(\f\ 9 )\\ 



9MI \ 9 

£ 
8 - 



< c 



1 II * I 9 

a p 
q ' q 



a,p 



Proof of Theorem 12.111 Let / be any /i-measurable function on X. If / does not 
belong to L a '°°(X) then ||/||* ^ = oo and there is nothing to prove. So we assume 
that / is in L Q <°°(X) and put '||/||* )0O = A. 

a) Let us fix r and A in (0, oo) and put 



E = {x E X : \f(x)\ q > p} with (3 



A 



For any integer 1 < j < N mr such that 
A- 



fXi 



> A, we have 













i Je 



A 



|/(a;)rdM*)</^(£r\£) ^ a 



Therefore ^ < 



# N j : 1 < J < N mr and 



E<T\E™ T 



and 



> A > < # N j : 1 < j < N mr and 



fXE™ r nE 
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Thus 

^#( \j:l<j<N mr and f X 



3A 



> A 



<y#lij:l<J<JV mT and 



i 3A 



|/(x)| 9 d/i(x)< 



a 



a — q 



A*» (E) 



according to Kolmogorov condition (see [IE]). As 

A 



ti(E) = \ f (J3*)< (0-A 
we obtain 



^#[\j:l<]<N mr and 
that is 











)< ° ( 






/ a - q \ 



( Mp ri 



(30) # N j : 1 < i < N mr and fc- >AH< C^p"** 1 )— ^ A a 



with C 



41 abi' 



3(a-q) ■ 

b) Assume that p < oo. Suppose that 1 < s < oo and r > and put 



A' 1 [bipip 



m r +l 



a 



a; — q 



, l<j<N n 



From Kolmogorov condition, we obtain < dj < 1 for 1 < j < iV m? .. In 
addition, for any number A, we have 



#(0':l<i<iV mr ,^>A})<C 
according to Inequality fl30l . Thus, we have 



a 



a — q 



A 



£<? = £ £ < UE C 



3=1 



n=l \ s -"- 1 <d fc <s- rl 



n=l 



a 



a — g 



— n— 1 



-np 
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q,p,a 



This implies that 



< 



SUP (T?m r \ 
l<j<N mr P [Ej ) 



\fx 



E" 



A' 1 (b<p(p mr+1 )) a " 



a 



a — q 



x Abi a 



< 



a — q / 
y?(p m ' +1 ) 

sup 

l<3<AT ror p [E j ) 



i(l-H) 

a \ q p 



a — q 



Q 2a-p 



sP- 



p i 
CpA. 



As r > is arbitrary in (0, oo), we obtain 

<C\ 



q,p,a 



with C a constant not depending on /. 
c) For any number r > and positive integer j < N mr , we have according to 
Kolmogorov condition 



< 



a 



a — q 



A. 



Thus 



q,oo,a 



< 



a 



a — q 



□ 



Up to now we have used in our proofs the decomposition of X in dyadic cubes as 
given by Sawyer and Wheeden in [27] . The dyadic cubes k > m, 1 < j < 
have their size bounded below by p m with p > 1 and m a fixed integer. For the 
proof of the next theorem, we shall use the following decomposition given by Christ 
in |5]. 

Lemma 4.2. There exist a collection of open subs ets {Q k a C X : k e Z,a G I k ) , 
and constants p in (0, 1), Co > 0, rj > and c%, ti < oo such that 

(i) ii(X\\J a Qk)=0 Vfc, 

(ii) if£>k then either Q e p C Q k a or Q e p nQ k a = 0, 

(iii) for each (k, a) and each £ < k there is a unique (3 such that Q a C Qg, 

(iv) diameter(Qa) < Cip fc , 

(v) each Q k a contains some ball Bi z k^ p k\, 

(vi) p {{x E Q k a : d(x, X\Q k a )< tp k \) < c 2 t^p(Q k a ) Vfc, a, Vt > 0. 



Proof of Theorem 12.121 Throughout the proof, we shall use the notation of the 
above lemma. 
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A- (a) Let us consider an element (3\ of I\ and put E\ = Q\- Then 
So by Inequalities ([16]). (fT7j) and (fl8l). 



(b) Let a 2 £ J-2 2 -i such that Q 1 ^ C Q 
Put 



2 2 -l 
02 



Fx = 0, F 2 = Q-f- 1 and J a = jje J_ 22 _! : d{Q^-\F 2 ) > c lP 



-2 2 -l 



For each j G J 2 , let /3j G I 2 be so that g?(z- 2 1 , < p 2 . We have 



, j e J 2 



We can therefore choose a finite subset Jo of Jo such that 



ieJ 2 



m,m + bboc/ 



Let us take 



^2 - U je j 2 Ql. 



(c) Let us consider for every j G J2 the element <X/ of I_ 2 3_i such that 
Put 



F 3 = UjeJiQZ?- 1 and J 3 = b' G 7_ 2 3_! : d{Qj^-\F 3 ) > c lP 



2 3 -l 



-2 3 -l 



For any j G J3, let f3j G J3 such that d(Zj , C^g ) < p . We have 



aoocJV^,bb c*V 



, 3 e J 3 



Thus we can pick a finite subset J3 in J 3 such that 



m,m + bb c5 M p 3 ^ 



Put f 3 = u, eJ3 g|.. 

(d) By iteration we obtain two sequences (E n ) n >i and (F n ) n >i such that 
• fi(E n ) G m, m + bb c 1 i ' 1 p n<5 ' 1 J and _E n = Uj e j n Q^, where J n is a 
finite subset of I_ 2 n_ 1, 

. d^ 2 "" 1 ,^) < p" and d(QT^-i )Fn ) > dp- 2 "" 1 . 
B- We fix n > I. 
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(a) Let (x,r) G X x R* + . Suppose that £, j G J n with B {X)T) n Q\ ^ ^ 
B(x, r ) n Q\. 

There exists x±,x 2 G Qp and yi,y2 G such that d(z~ 2 " -1 , x±) < p n , 

X2 e B^), d(z7 2 " _1 ,yi) < p n , y 2 G B M . 
Therefore 



-2 n -l 



< «p n + 2« 3 Cl p n + 2/t 4 r + /t 4 [% 2 , yi ) + d( yi , ^" 2 ^ 1 )] 

< (k + 2k 3 c 1 + 2k 5 c 1 + k 4 ) p n + 2k 4 t. 

It follows that 

r > 2^[P _2n_1 -( K + 2 « 3c i + 2 « 5c i)p1 
= ^[p" 2n - 1 - t -(/ t + 2 K 3 c 1 + 2 K 5 c 1 )]. 
(b) In the sequel we assume that n is sufficiently great such that 

n 

CiP n < 1 < |^ [p- 2 "- 1 - - ( K + 2/€ 3 Cl + 2/€ 5 Cl + /t 4 )] = r n . 
l rs * case. We suppose that < r < Cip n . 

Then every ball B( Xjr ) meets at most one QJ§ (j G J n ). Therefore, 



< 



XE n nB 



dp(x) 



( \ (M s (x,r))° * «/i(Kn5 (ll r))') ^(O 

j£J„ , '| xe - X " :S (*.'-)nQ£ ^0 j 



J]p (kl: £ (a , r) n Q£. ^ 0}) sup //(B^S" 1 



(l,r)nQ» ^0 
3 



< 



( B (z%.Mr+cip"))) (MO)' 1 



< (b(p(r))~ _ p 



CoP" 
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2 nd case. We suppose that Cip n < r <r n . 
Arguing as in the first case, we obtain 



y ! < 



V u fix G X : B [x>r) n Q% + 0)) sup fi{B (x , r )) Pa « V (b M H Q\ 



«(r + Cip") D 



)^MO(MO)"~*~V(%.) bb (c lP n ) 



For the second inequality we have used the doubling condition of p, 
the relationship between p and tp, the growth condition on tp and the 
inclusion Q^. C B( z n tCipn y Thus 

|xJL« < C<p(r)^(i^5(^<H> 
3 rd case. We suppose r > r n . 



r ||Xb. 



< 



< 



EI p_ P \ / \ — 

u(B( x>r ))°> " /t(£„nB( Iir )) ? dp(x) 

\jeJ n J { xeX:B (*^Q n 0j ^} 



p{E n )l^p{B {z n^ K{r+Clpn)) )(atp{r))^ ' 

< p (E n )p (0¥»(r))=-i-? [#( J n )C,{2K) D »p{r)] * . 
But for all j G J n , a c^ p nD » < p{Q n Pj ) < b c^p nS ». Thus 



m 



and 



B « \ \q,p,a 



< Cp(E n y PV (r)^-^u; < CpiE^rT^p-^ 1 * 



pnD^/p 



(/t + 2/t 3 Ci + 2/t 5 Ci)] 



(p- 2 "- 1 -" - (« + 2/t 3 Ci + 2k 5 Ci)) <5 " ( "« ) 
It follows that if we choose n such that for all n > no 

< 1 

1 M ' 



( p -2»-l-n _ ( K + 2K 3 Cl + 2K 5 Ci))°" l « 
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then 

r \\Xe, 

That is 



n \ \q,p,a 



< Cp- n ) D ^-^ )+s ^-v^ (E n )p , r > 0. 



\q,p,a 



and therefore 



Xu n > nQ E n 



< oo and 



q,p,ct 



Xu 



= 00. 



Thus, / = xu„>„ £„ is in (L«, PO \ L a >°°(X). □ 
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